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section , Orlicz Young function N-function
.
2. NOTATIONS AND DEFINITIONS.
$n$ Euclid $R^{n}$ . $R^{n}$
$E$ Lebesgue $|E|$ .
$L^{p}$ (Rn) $\int_{R^{n}}|f$(x)|pdx $f$ . $\Phi(t)=t^{p}$
, $\int_{R^{n}}\Phi(|f(x)|)ds<\infty$ .
bung function { .
Definition 2.1. measurable function $w$ (x) $R^{n}$ weight func-
tion , .
(2.1) $0<w(x)<+00$ for almost everywhere $x$ $\in R^{n}$ ;
(2.2) $\int$
Q
$w$ (x)dx $\ovalbox{\tt\small REJECT}$ for any compact cube $Q$ in $R^{n}$
1399 2004 157-185
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, Young function $\mathrm{N}$-function $\mathrm{A}\mathrm{a}$ .
Definition 2.2. $\Phi$ : $[0, \infty)arrow[0, \infty)$ , YOun9 function
.
(2.3) $\Phi(t)=\int^{|t|}\varphi(s)ds$ for $t\in R$
. , $\varphi(s)$ $[0, \infty)$ non-decreasing right continuous
function , $\varphi(0)\geq 0$ , $\varphi(s)>0(s>0)$ .
, $\varphi(s)$ $s=0$ , $s=+\infty$
\infty .
Definition 2.3. $\Phi(t)$ Young function $\Phi(t)$ $N$-function ,
$\lim\underline{\Phi(t)}=0$ and $\mathrm{h}.\mathrm{m}=\underline{\Phi(t)}+0.$(2.4)
$tarrow 0+$ $t$ $tarrow\infty$ $t$
$\varphi(t)$ (2.3) non-decreasing right continuous function
$\varphi(t)$ riht inverse .
(2.5) $\varphi^{-1}(s):=\sup\{u : \varphi(u)\leq s\}$ $s\geq 0$ .
$\varphi^{-1}(s)$ right derivative $\mathrm{N}$-function,
(2.6) $\Psi(t)=\int_{0}^{|t|}\varphi^{-1}(s)ds$ $t\in R^{n}$
$\Phi(t)$ complementary $N$-function . $\mathrm{N}$-function .
1. $\frac{1}{p}+\frac{1}{p},$ $=1,$ ( $1<p$ ) .
$\Phi(t)=\int_{0}$
E







og(s $+1$ ) ds
Definition 2.4. $\Phi(t)$ $\mathrm{N}$-function . $\alpha>0$ ,
(2.7) $\Phi(\alpha L):=\{f$ : $\int_{R^{n}}\Phi(\alpha|f(x)|)dx$ $\infty\}$
$\text{ _{}\mathrm{c}}$
$\Phi(\alpha L)$ . , $R^{n}=R^{1}=(-\infty, 0)$ .
$\mathrm{N}$-function $\Phi(t)$ $\Phi(t)=\int_{0}^{t}(e^{s}-1)ds=e^{t}-t-1,$ $(t>0)$ . $f$ (x)
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$f(x)=(1/2)\log(1/x)$ for $0<x\leq 1,$ $f(x)=0$ otherwise .
$\int_{-\infty}^{\infty}\Phi$ ( $|f$ (x)|) $dx<+\infty$ and $\int_{-\infty}^{\infty}\Phi$ (2|f $(x)|$ ) $dx=$
Definition 2.5. $\Phi(t)$ Young function , $w$ (x) $R^{n}$
weight . .







$L_{w}^{\Phi}(R^{n})$ Orlicz . , $M_{w}^{\Phi}(R^{n})$ Orlicz $L_{w}^{\Phi}(R^{n})$
, Morse-Tramsue . $L_{w}^{p}$ (Rn) $\Phi(t)=|t|^{p}$
. , 2 $\Psi(t)$ Orlicz
Zygmund class . , $1<p<q<+\infty$ , $\Phi(t)\approx$ $\mathrm{n}(|t|^{p}, |t|^{q})$
Orlicz $L_{w}^{p}(R^{n})+L_{w}^{q}$ (Rn) . , $\Phi(t)\approx\max(|t|^{p}$ , |t|
Orlicz $L_{w}^{p}(R^{n})\cap L_{w}^{q}$ (Rn) .
Definition2.5 .
(2.11) $M_{w}^{\Phi}(R^{n})\subseteq\Phi$(L) $w\subseteq L_{w}^{\Phi}(R^{n})$
, Orlicz $L_{w}^{\Phi}(R^{n})$ Banach .
Definition 2.6. $\Phi(t)$ $\mathrm{N}$-function . $f\in L_{w}^{\Phi}(R^{n})$ ,
(2.12) $|$ L7 $||_{\Phi}$ ,$w:=$ inf $\{\lambda>0$ : $\int_{R^{n}}\Phi(\frac{1}{\lambda}|$f(x) $|$) $w(x)dx\leq 1\}$
$\mathrm{r}$
(2.12) $||f||_{\Phi,w}$ norm , Luxemburg-Nakano norm
.
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3. $1<p<\infty,$ $\Phi(t)=\frac{1}{p}t^{p},$ $t$ >0 .
$||$ f $||_{\Phi}$ ,$w$ $= \inf\{\lambda>0$ : $\int_{R^{n}}\frac{1}{p}(\frac{1}{\lambda}|f(x)|)^{p}w(x)dx\leq 1\}$
$= \inf\{\lambda>0$ : $\int_{R}$
,
$\frac{1}{p}|$f$(x)|^{p}w(x)dx\leq\lambda^{p}$ }
$=$ $\inf\{\lambda>0$ : $\{\int_{R^{n}}\frac{1}{p}|$f$(x)|^{p}w(x)dx\}^{1/p}\leq\lambda\}$
$=$ $\{\int_{R^{n}}\frac{1}{p}|$f$(x)|^{p}w(x)dx\}^{1/p}$
4. . $1<p<q<+\infty$ .
$\overline{\Phi(t)}\approx\min(|t|^{p}, |t|^{q})$ , ,
$L_{w}^{\Phi}(R^{n})=L_{w}^{p}(R^{n})+L_{w}^{q}(R^{n})$ , $||f||_{\Phi,w}\approx||f_{1}||_{L_{w}^{p}}+||f_{2}||_{L_{w}^{q}}$ ,
, $f_{1}=f\chi\{|f|>1\}\in L_{w}^{p}$ (Rn), $f_{2}=f\chi\{|f|\leq 1\}\in L_{w}^{q}$ (Rn) $\chi(E)$ $E$
$\Phi(t)\approx\max(|t|^{p}, |t|^{q})$ , ,
$L_{w}^{\Phi}(R^{n})=L_{w}^{p}(R^{n})\cap L_{w}^{q}(R^{n})$ , $||$ f $||_{\Phi}$ , $w \approx\max${ $||f||_{L_{w}^{p}},$ $||$f $1_{L_{w}^{q}}$ }.
3. ORLICZ .
section Orlicz Luxemburg-Nakano norm , Banach
. $\{f_{n}; n\geq 1\}$ Orlicz $L_{w}^{\Phi}(R^{n})$ .
$\{f_{n}; n\geq 1\}$ Orlicz $L_{w}^{\Phi}(R^{n})$ $f$ Luxemburg-Nakano norm
. \Delta 2- .
Definition 3.1. $\Phi(t)$ Young function . $\Phi$ $[0, \infty)$ , \Delta 2-
, $C>0$
(3.1) $\Phi$ ( $20\leq C\Phi(t)$ for all $0\leq t<+\infty$
.
, \Phi ( $=|t|^{p}$ , ( $1\leq p$ $\infty$ ) $[0,$ $+\infty$ ) $\Delta_{2}$- . $\Phi(t)\approx e^{t}$
$tarrow+\infty$ $\Delta_{2}$- . .
Theorem 3.1. $M\mathit{2}(R^{n})=L_{w}^{\Phi}$ (Rn) , $\Phi$ \Delta 2-
.
Orlicz , $M?(R^{n})\underline{\mathrm{C}}L_{w}^{\Phi}$(Rn) .
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Definition 3.2. $\Phi$ $\mathrm{N}$-function , $\Psi$ $\Phi$ complementary N-function
. Orlicz norm $|$ | $|||_{L_{w}^{\Phi}}$ .
(3.2)
$||f||_{L_{w}^{\Phi}}:= \sup\{|\int_{R^{n}}f(x)g(x)w(x)dx|$ : $\int_{R^{n}}$ I $(|g(x)|w(x)dx\leq 1\}, f\in L_{w}^{\Phi}(R^{n})$
Orlicz norm Young .
Lemma 3.2. $\Phi$ $N$-function , $\Psi$ $\Phi$ complementary N-function
.
(3.3) $st\leq\Phi(s)+\Psi$(t) for all $s,t\geq 0$
. $f\in L_{w}^{\Phi}(R^{n})$ , $||f||_{L_{w}^{\Phi}}<+\infty$ . , $f\in L_{w}^{\Phi}(R^{n})$
, $\epsilon_{0}>0$ ,
$\int_{R^{n}}\Phi(\epsilon_{0}|f(x)|)w(x)dx$ $\infty$
. Young , $\int_{R^{n}}\Psi(|g(x)|)w$ (x) $dx\leq 1$ ,
$| \int_{R^{n}}f(x)g(x)w(x)dx|$ $\leq$ $\frac{1}{\epsilon_{0}}f_{R^{n}}\epsilon$o $|$ f(x) $||$g(x) $|$w(x)dx
$\leq$ $\frac{1}{\epsilon_{0}}\int_{R^{n}}\{\Phi(\epsilon_{0}|f(x)|)+\Psi(|g(x)|.)\}w(x)dx$
$=$ $\frac{1}{\epsilon_{0}}\{\int_{R^{n}}\Phi$( $\epsilon_{0}|$ f $(x)|$ ) $w(x)dx+ \int_{R^{n}}\Psi$ ( $|$g(x) $|$ )w(x)dx}
$\leq$ $\frac{1}{\epsilon_{0}}\{\int_{R^{n}}\Phi$ ( $\epsilon_{0}|$ f$(x)|$ )$w(x)dx+1\}<+0$
, $g$ $\sup$ $||f||_{L_{w}^{\Phi}}<+\infty$ . $\square$
Orlicz norm $||f||_{L_{w}^{*}}$ Luxemburg-Nakano norm $||f||_{\Phi,w}$ .
Lemma
Lemma 3.3. $f\in L_{w}^{\Phi}(R^{n})$ .
(3.4) $||f||_{L_{w}^{\Phi}}\leq 1$ $\int_{R^{n}}\Phi$ (|f(x)|)w(x) $dx\leq||f||_{L_{w}^{\Phi}}$
, [KR], [RR] .
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Lemma 3.4. $f\in L_{w}^{\Phi}(R^{n}),$ $f$ \neq 0 .
(3.5) $\int_{R^{n}}\Phi(\frac{1}{||f||_{L_{w}^{\Phi}}}|$f$(x)|)w(x)dx\leq 1$
.
Proof. $f_{1}(x)=f(x)/||f||_{L_{w}^{\Phi}}$ $||f_{1}||_{L_{w}^{\Phi}}=1$ , Lemma 3.3 ,






Lemma 3.5. $\Phi$ $N$-function . .
(3.6) $||f||_{\Phi,w}\leq||f||_{L_{w}^{\Phi}}\leq 2||f||_{\Phi,w}$ for all $f\in L_{w}^{\Phi}$
Proof. , (3.5) norm $||f||_{\Phi,w}$ .
. Young ,
$||f||_{L_{w}^{\Phi}}$ $=$ $\sup\{|\int_{R^{n}}f$(x)g(x) $w$ (x)dx|: $\int$
Rn
$\Psi(|g(x)|)w(x)dx\leq 1\}$
$\leq\int_{R^{n}}\Phi$ ( $|$f$(x)|$ ) $w(x)dx+1$
, $f$ $|f(x)|/||f||_{\Phi,w}$ ,
$|| \frac{f}{||f||_{\Phi,w}}||_{L_{w}^{\Phi}}$ $\leq$ $\int_{R^{n}}\Phi(\frac{|f(x)|}{||f||_{\Phi,w}})w(x)dx+1$
$\leq$ $1+1=2$ ,
, $\int_{R^{n}}\Phi$ ( $|_{\Phi}$ , O) $dx\leq 1$ , norm $||3||_{\Phi,w}$
. , $||f||_{L_{w}^{\Phi}}\leq 2||f||\Phi,w$ . $\square$
, .
Theorem 3.6. $\Phi$ $N$-function . $\{fj : j\geq\}$ $fj\in M_{w}^{\Phi}$
$(j\geq 1),$ $f\in M_{w}^{\Phi}$ .
(3.7) $||$fj-f $||_{\Phi}$ ,$warrow 0$ as $jarrow+\infty$
,
(3.8) $\lim_{jarrow\infty}\int_{R^{n}}\Phi(\alpha|f_{j}(x)-f(x)|)w(x)dx=0$ for every $\alpha>0$
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Proof. (3.8) (3.7) - , $g(x)$ $\int_{R^{n}}\Psi$ ( $|g$ (x)|) $w$ (x) $dx\leq$
$1$ , $\Psi$ $\Phi$ complementary Young function.
$\alpha>1$ , Young
$I_{j}$ $:=$ $| \int_{R^{n}}(fj(x)-f(x))g(x)w(x)dx|\leq\int_{R^{n}}|$fj(x)-f$(x)||g(x)|w(x)dx$
$=$ $\int_{R^{n}}(\alpha|fj(x)-f(x)|)(\frac{1}{\alpha}|g(x)|)w(x)dx$
$\leq$ $\int_{R^{n}}\Phi$ ( $\alpha|$ fj(x)-f $(x)|$ ) $w(x)dx+ \int_{R^{n}}\Psi(\frac{1}{\alpha}|g(x)|$ ) $w(x)dx$
$\leq$ $\int_{R^{n}}\Phi$ ( $\alpha|f_{j}$(x)-f$(x)|$ ) $w(x)dx+ \frac{1}{\alpha}\int_{R^{n}}\Psi$ ( $|$g(x) $|$ ) $w(x)dx$
$\leq$ $\int_{R^{n}}\Phi$ ( $\alpha|$ fj(x)-f$(x)|$ ) $w(x)dx+ \frac{1}{\alpha}11$
$g$ $\sup$ ,
$||$fj-f$||4 \leq\int_{R^{n}}\Phi$( $\alpha|$fj(x)-f$(x)|$ ) $w(x)dx+ \frac{1}{\alpha}|1$
Lemma 3.5 (3.6) ,
$||$fj-f $||\Phi$ , $w \leq\int_{R^{n}}\Phi$ ( $\alpha|$fj(x)-f$(x)|$ ) $w(x)dx+ \frac{1}{\alpha}\circ 1$
, $\varlimsup_{jarrow\infty}||fj-f||_{\Phi,w}\leq 1/\alpha$ $\alpha$ >1 , $\lim_{jarrow\infty}||fj-f||_{\Phi,w}=0\vee$
. $\lim_{jarrow\infty}||f_{j}-f||_{\Phi,w}=0$ . $\alpha>0$ . ,
$j_{0}\in N$ ,
(3.9) $\alpha||$fj-f $||_{\Phi}$ ,$w \leq\frac{1}{2}$ f$\mathrm{o}$r $j\geq j_{0}$
, Lemma 3.5 , $j\geq j_{0}$
$||\alpha$(f$j-f$) $||_{L_{w}^{\Phi}}\leq 2||\alpha(f_{j}-f)||_{\Phi}$, $w=2\alpha||f_{j}-f||_{\Phi,w}\leq 1$
$\vee C$
$||\alpha(f_{j}-f)||_{L_{w}^{\Phi}}\leq 1$ for $j\geq j_{0}$
, Lemma 3.3 Lemma 3.5 , $j\geq j_{0}$
$\int_{R^{n}}\Phi$ ( $\alpha|$fj(x)-f $(x)|$ ) $w(x)dx$ $\leq$ $||\alpha$(fj-f) $||$ L$w\Phi$
$\leq$ 2||\mbox{\boldmath $\alpha$}(fj-f)||\Phi ,






$\int_{R^{n}}\Phi(|f_{j}(x)-f(x)|)w(x)dxarrow 0$ as $jarrow\infty$
, $\Phi(L)$ Orlicz $L_{w}^{\Phi}(R^{n})$
$\epsilon_{0}$
(3.10) $\int_{R^{n}}\Phi(\epsilon_{0}|f_{j}(x)-f(x)|)w(x)dxarrow 0$ as $jarrow\infty$
Orlicz $L_{w}^{\Phi}$ ranked space ( ) , (3.10)
[KY3].
Orlicz space Banach space , norm
. Young function $\Delta_{2}$ - { Orlicz space
ranked space
. , ranked space ,
.
4. $\mathrm{f}\mathrm{b}$ $_{-}’$ ORLICZ SPACE , MODULAR FUNCTION SPACE t .
Orlicz $L_{w}^{\Phi}(R^{n})$ $\mathrm{N}$-function convex function . convex
$||f+g||_{\Phi,w}\leq||f||_{\Phi,w}+||g||_{\Phi,w}$
. , convex $\Phi$
. .
$\int_{Mf\leq 1}\frac{Mf((x)w(x)dx}{(1-\log Mf(x))(11\mathrm{o}\mathrm{g}(1-\log Mf(x)))^{1+\epsilon}}+\int_{Mf>1}\frac{Mf(x)w(x)dx}{(1+1\mathrm{o}\mathrm{g}Mf(x))^{1-e}}$
$\leq\frac{C}{\epsilon}\{\int_{|f|\leq 1}\frac{|f(x)|w(x)dx}{(1+1\mathrm{o}\mathrm{g}(1-1\mathrm{o}\mathrm{g}|f(x)|))^{\epsilon}}+\int_{|f|>1}|f(x)|(1+\log|f(x)|)^{\epsilon}w(x)dx\}$
, $0<\epsilon<1,$ $M$ Hardy-Littlewood ,
$Mf(x):= \sup_{x\in Q}\frac{1}{|Q|}\int_{Q}|f(y)|dy$ ,






$\frac{t}{e(1+\log(1-\log t))^{*}}$ , $0<t\leq 1$ ;




. $\Phi(t)$ convex . convex $\Phi(t)$
.




(3) $\Phi$ strictly increasing
(4) $\Phi$ continuous ;
Definition 4.2. $\Phi$ $\varphi$-function .
$\rho_{\Phi}$ (f) $:= \int_{R^{n}}\Phi$ ( $|$f$(x)|$ ) $w(x)dx$
functional $\rho_{\Phi}$ .
, modular functional . $\mathcal{M}$ $R^{n}$
extended real valued measurable functions .
Definition 4.3. functional $\rho$ : $\mathcal{M}arrow[0,0]$ modular functional on $\mathcal{M}$
.
(MF-1): $\rho(f)=0$ if and only if $f=0$ ;
(MF-2): $\rho(f)=\rho(|f|)$ for all $f\in \mathcal{M}$ ;
(MF-3): $\rho(\alpha f+\beta g)\leq\rho(f)+\rho(g)$ for all $f,$ $g\in \mathcal{M}-$,
$\alpha,$ $\beta\geq 0,$ $\alpha+\beta=1$ ;
(MF-4) : $0\leq g\leq f$ $a.e$ . $\Rightarrow$ $\rho(g)\leq\rho(f)$ ;
(MF-5): $0\leq f_{j}\uparrow f$ as $jarrow\infty$ $\mathrm{a}$ .e. $\Rightarrow\rho(f_{j})\uparrow\rho(f)$ as $jarrow\infty$ ;
(MF-6): $|E|<\infty$ , $\Rightarrow$ $\rho(\frac{1}{\lambda}\chi_{E})<\infty$ for some $\lambda>0$ ;
(MF-7): $\rho(f)<\infty,$ $f\in \mathcal{M}$ $\Rightarrow$ $f$ (x)is finite $\mathrm{a}.\mathrm{e}$ . $x\in R^{n}$
modular functional $\rho$ $X_{\rho}^{*},$ $X$, .
$X_{\rho}^{*}:=$ { $f\in \mathcal{M}$ : $\rho(\lambda f)<\infty$ for some $\lambda>0$ } $,$
$X_{\rho}:= \{f\in \mathcal{M} : \lim\rho(\lambda f)=0\}$ .
$\lambdaarrow 0+$
( $X_{\rho}\subseteq X_{\rho}^{*}$ )
, $f\in X_{\rho}^{*}$ $\mathrm{F}$-norm $|$ f|, .
$|$f $|$ , $:= \inf\{u>0 : \rho(f/u)\leq u\}$
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, $|f|_{\rho}<+\infty$ $f\in X_{\rho}^{*}$ .
Theorem 4.1. $|f|_{\rho}$ .
(1) : $|f|_{\rho}=0f\in X_{\rho}^{*}\Leftrightarrow f=0\mathrm{i}$
(2) : $|-f|,$ $=|$f $|$ , $fo$rall $f\in X_{\rho}^{*}$ ;
(3) : $|f+g|,$ $\leq|$f $|,$ $+|$g $|$ , all $f,g\in X_{\rho}^{*}$ ;
(4) : $f_{k}\in X_{\rho}^{*},$ $f\in X_{\rho}$
$\alpha_{k}arrow\alpha$ , $|f_{k}-f|_{\rho}arrow 0\Rightarrow|\alpha_{k}f_{k}-\alpha f|_{\rho}arrow 0(karrow\infty)$
modular function space , H. Kita, T. Miyamoto and K. Yoneda,
Modular function spaces and control functio $ns$ of almost everywhere convergence, Com-
mentationes Mathematicae(Poznan). 41 (2001) 99-133. $\mathrm{A}\mathrm{a}$ .
5. HARDY LITTLEWOOD $[$
, notations definitions . $R^{n}$ ,
$n$ Euclidean . $R^{n}$ real valued measurable functions
$f$ . $|E|$ $R^{n}$ measurable subset $E$ the Lebesgue measure
.
Definition 5.1. Hardy-Littlewood .
$Mf(x):= \mathrm{s}x\mathrm{u}\mathrm{p}^{\frac{1}{|Q|}}\int_{Q}|f(y)|dy$ ,
, supremum $x\in Q$ cubes $Q$ (cube
cube ) .
Definition 5.2. A locally integrable almost everywhere positive function $w:R^{n}arrow$
$[0, \infty)$ weight function .
Muckenhoupt [Muc] , Hardy-Littlewood { $L^{p}$ (Rn, $w$ (x)dx)
bounded $w$ . .
Theorem 5.1. (Muckenhoupt) $1<p<$ oo . Hardy-Littlewood
$M$ $L^{p}$ (Rn, $w$ (x)dx) bounded , weight $w$
. $C>0$ ,
(5.1) $( \frac{1}{|Q|}\int_{Q}w(x)dx)(\frac{1}{|Q|}\int_{Q}w(x)^{\frac{-1}{p-1}}dx)^{p-1}\leq C$ for all cubes $Q$ in $\mathbb{R}$n.
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Aweight function $w$ (5.1) , $w$ $A_{p}$ condition .
$w\in A_{p}$ ,
Kerman and Torchinsky [KT] weighted Orficz spaces Muckenhoupt
. weight function class A (see Definition 5.4).
Bagby [Ba] Hardy-Littlewood weak type
$\int_{\{x:}$
Mf(x)
$> \lambda\}w(x)dx\leq\int_{\mathbb{R}^{n}}\Phi$(C $|$ f(x) $|/\lambda$) w(x)dx for all $\lambda>0$ and all $f$
weight class B . (see Definition 5.6).
, weight class A B ,
.
Kerman and Torchinsky [KT] $\Phi$ $\tilde{\Phi}$ $\Delta_{2}$ $A_{p}$ weight
$A_{\Phi}$ weight .
Definition 5.3. $\Phi$ Young function , $\overline{\Phi}$ complementary Young
function . $\Phi,\tilde{\Phi}$ $\Delta_{2}$ . , weight $w$ $A_{\Phi}$
weight (A ) , (w\in A ), $C>0$
,
(5.2) $( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)\varphi(\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)}$) $dx)\leq C$
cube $Q$ $\epsilon>0$ . , $\varphi$ $\Phi$ right
derivative $\varphi^{-1}$ $\varphi$ right inverse .
Kerman and Torchinsky [KT] .
Theorem 5.2. ( Kerman and Torchinsky ) $\Phi$ Young function . $\Phi_{f}\Phi$
-
$\Delta_{2}$ . $w$ weight function . Hardy-
Littlewood maximal function $M$
(5.3) $\int_{\mathbb{R}^{n}}\Phi$ (M$f(x)$ ) $w(x)dx\leq C4_{n}\Phi$ ( $|$ f(x) $|$ ) $w(x)dx$ for all $f$
w\in A .
, $\Phi$ $\Delta_{2}$ , $A_{\Phi}$ weight
$\mathrm{r}$
Definition 5.4. $\Phi$ $\mathrm{N}$-function , $\tilde{\Phi}$ complementary N-function
. $\Phi,\tilde{\Phi}$ right derivative $\varphi,$ $\varphi^{-1}$ . , weight $w$ $A_{\Phi}^{\mathrm{e}}$
weight ( $A_{\Phi}^{\mathrm{e}}$ ) , ( $w\in A_{\Phi}^{e}$ ), $C_{1}>0$ (
) $C_{2}>0$ ( ) ,
(5.4) $( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)\leq C_{2}$
cube $Q$ $\epsilon>0$ { .
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, Kokilashvili and Krbec([KK] p. 43)
. , Lemma .
Lemma 5.3. $\Phi$ $N$-function , $\tilde{\Phi}$ complementary N-function
. [ , $R_{\Phi}(t)=\Phi(t)/t_{f}S_{\Phi}(t)=\tilde{\Phi}(t)/t$ , weight $w$ $A_{\Phi}^{e}$ weight
, $C_{1}>0$ ( ) $C_{2}>0$ ( )
,
(5.5) $( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)R_{\Phi}(\frac{C_{1}}{|Q|}\int_{Q}S_{\Phi}(\frac{1}{\epsilon w(x)})dx)\leq C_{2}$
cube $Q$ $\epsilon>0$ $\mathrm{A}\mathrm{a}$ .
Proof. $w\in A_{\Phi}^{\mathrm{e}}$ . , $C_{1},$ $C_{2}>0$
, (5.4) . ,
$( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-}1$ $( \frac{1}{\epsilon w(x)})dx)\leq C_{2}$







( $\frac{1}{|Q|}7^{\mathcal{E}}$w(x)dx) $R_{\Phi}( \frac{C_{1}}{|Q|}\int_{Q}S_{\Phi}(\frac{1}{\epsilon w(x)})dx)$
$\leq(\frac{1}{|Q|}7^{\mathcal{E}}$w(x)dx) $\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)\leq C_{2}$
(5.5) cube $Q$ $\epsilon>0$ .










$=2( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)\varphi(\frac{C_{1}}{2|Q|}\int_{Q}S_{\Phi}(\frac{1}{\epsilon w(x)})dx)$
$\leq 2$ ($\frac{1}{|Q|}\int_{Q}\epsilon$w(x)dx) $2R_{\Phi}( \frac{C_{1}}{|Q|}7S_{\Phi}(\frac{1}{\epsilon w(x)})dx)$
$=4( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)$ R $( \frac{C_{1}}{|Q|}\int_{Q}S_{\Phi}(\frac{1}{\epsilon w(x)})dx)\leq 4C_{2}($
, $2\epsilon=\epsilon’,$ $(1/4)C,$ $=C_{1}’$ , $4C_{2}=C_{2}’$ ,
$\simeq$ .
$( \frac{1}{|Q|}\int_{Q}\epsilon^{l}w(x)dx)\varphi(\frac{C_{1}’}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon’w(x)})dx)\leq C_{2}’$ ,
, $Q,$ $\epsilon’>0$ . $w\in A_{\Phi}^{e}$ .
, Bagby [Ba] Hardy-Littlewood maximal operator $\mathrm{M}$ weak type
weight class B .
Definition 5.5. weight $w$ doubling measure ,
$C>0$ ,
(5.6) $w(2Q)\leq Cw(Q)$ for aU cubes $Q$ ,
, $2Q$ $Q$ , 1 $Q$ 2 cube .
, weight class $B_{\Phi}$ .
Definition 5.6. $w$ nontrivial weight , $\Phi$ $\mathrm{N}$-function
. $w$ B , $(w\in B_{\Phi})$ , $C>0$
(5.7) $w \{x\in \mathbb{R}^{n} : Mf(x)>\lambda\}\leq\int_{\mathbb{R}^{n}}\Phi(\frac{C|f(x)|}{\lambda})w(x)dx$
$\lambda>0$ $f\in L^{\Phi}$ ( $\mathbb{R}^{n},$ $w$ (x)dx) .
Definition 5.7. $\Phi$ $\mathrm{N}$-function , $w$ weight function
. cube $Q\subseteq \mathbb{R}^{n}$ . ,
(5.8) $||f||_{\Phi,w,Q}:= \inf\{\lambda>0$ : $\int_{Q}\Phi(\frac{|f(x)|}{\lambda})w(x)dx\leq w(Q)\}$
. $||f||_{\Phi,w,Q}$ $\infty$ $f\sigma 24\Phi \text{ }L$\Phi (Q, $\Delta wx[perp] w(Q)dx$ ) $arrow \mathrm{C}’ \text{ }\mathrm{r}$
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, Bagby [Ba] .
Theorem 5.4 (Bagby). $\Phi$ $N$-function , $w$ nontrivial weight
. , $w\in B_{\Phi}$ $w$ doubling measure
, $C>0$
(5.9) $\frac{w(Q)}{|Q|}||\frac{1}{w}||_{\overline{\Phi},w,Q}\leq C$ for all cubes $Q$
.
(5.9) statement , Definition 5.7
. , $\epsilon_{0}>0$ ,
(5.10) $\int_{Q}\tilde{\Phi}(\frac{\epsilon_{0}w(Q)}{|Q|}\cdot\frac{1}{w(x)})w(x)dx\leq w(Q)$ for all cubes $Q\subseteq \mathbb{R}^{n}$
, weight class $A_{\Phi}^{e}$ $B_{\Phi}$ . Kerman and
Torchinsky , .
Theorem 5.5. $\Phi$ $N$-function . , $\Phi,\tilde{\Phi}\in\Delta_{2}$ , $A_{\Phi}^{e}\subseteq B_{\Phi}$
.
Proof. $\Phi$ Young fuction , $\Phi$ right defivative $\varphi$ . $\Phi\in\Delta_{2}$
$\varphi$
$\varphi\in\Delta_{2}$ . , $\Phi\in\Delta_{2}$
$\Phi(4t)=\Phi(2\cdot 2t)\leq C\Phi(2t)\leq C^{2}\Phi(t)$ for $t\geq 0$ ,
, $C>0$ Definition 2.4 . $t\geq 0$ ,
$(2t)\varphi(2t)$ $\leq\int_{2t}^{4t}\varphi$ (s)ds $\leq\int_{0}^{4t}\varphi$(s)ds $=\Phi$ (40
$\leq C^{2}\Phi(t)=C^{2}\int_{0}^{t}\varphi(s)\leq C^{2}t\varphi(t)$ .
$t>0$ $2t>0$ ,
$\varphi(2t)\leq\frac{C^{2}}{2}\varphi(t)$
. $t=0$ $\varphi$ , $\varphi(0)=0$
. $a=\varphi(0+)>0$ , $C>0$ $C^{2}/2\geq 1$
$t=0$ . $\varphi\in\Delta_{2}$ .
, $w\in A_{\Phi}^{e}$ weight . $\varphi\in\Delta_{2}$ weight
w\in A . , $\Phi,\tilde{\Phi}\in\Delta_{2}$ , Kerman Torchinsky
Theorem 5.2 strong type (5.3) . (5.3) $f$
$f/\lambda$ . $\lambda>0$ .
(5.11) $\int$
Rn
$\Phi(\frac{1}{\lambda}Mf$(x)) $w(x)dx \leq C\int_{\mathrm{R}^{n}}\Phi(\frac{1}{\lambda}|f$ ( x)|) $w$ (x)dx for all $f$
, $E$ (\lambda ) $E(\lambda):=\{x\in \mathbb{R}^{n} : Mf(x)>\lambda\}$ $\text{ _{}\mathrm{r}}$ , (5.11)
$\Phi(1)\int_{E(\lambda)}w$ (x) $dx \leq C\int$
Rn
$\Phi(\frac{1}{\lambda}|f$ (x)|) $w$ (x) $dx$ for all $f_{\ulcorner}$
171









Theorem 5.5 , $\Phi$ $\tilde{\Phi}$ \Delta 2- .
$\Phi$ $\Delta_{2}$- , Kokilashvili and Krbec [KK] p. 43
.
Theorem 5.6. $\Phi$ $N$-function , $\tilde{\Phi}\in\Delta_{2}$ . $w$ weight function
on $\mathbb{R}^{1}$ ( ) , $w\in A_{\Phi}^{e}$ , $C>0$ ,
$\int_{-\infty}^{\infty}\Phi$ (M$f$ (x)) $w$ ( x) $dx \leq C\int_{-\infty}^{\infty}\Phi$( $|f($x)|) $w$ (x)dx for all $f$
.
.
Theorem 5.7. $\Phi$ $N$-function , $\tilde{\Phi}\in\Delta_{2}$ . $w$ $\mathbb{R}^{1}$ (
) weight function , $w\in A_{\Phi}^{e}$ , w\in B . , A\Phi eB
.
Proof. $\Phi$ Young function , $\tilde{\Phi}\in\Delta_{2}$ . $w\in A_{\Phi}^{\mathrm{e}}$ , Theorem
5.6 ,
(5.12) $\int_{-\infty}^{\infty}\Phi(Mf(x))w(x)dx\leq C\int_{-\infty}^{\infty}\Phi$ ( $|$f $(x)|$ ) $w(x)dx$ for all $f$
. , $\Phi$ $\lim_{tarrow\infty}\Phi(t)=+\infty$ , $C_{1}>0$
, $\Phi(C_{1})>0$ . , (5.12) $C>0$
$C/\Phi(C_{1})>1$ $\lambda>0$ , $f$ $C_{1}f/\lambda$
. ,
$\int_{-\infty}^{\infty}\Phi(\frac{C_{1}Mf(x)}{\lambda})w(x)dx\leq C\int_{-\infty}^{\infty}\Phi(\frac{C_{1}|f(x)|}{\lambda})w(x)dx$ for all $f$
, $E(\lambda):=\{x\in \mathbb{R}^{1} : Mf(x)>\lambda\}$ , ,




. , $C/\Phi(C_{1})>1$ , $\Phi$ convex ,
$w(E( \lambda))\leq\int_{-\infty}^{\infty}\Phi(\frac{C_{2}|f(x)|}{\lambda})w(x)dx$ for all $\lambda>0,$
, $C_{2}=CC_{1}/\Phi(C_{1})$ . w\in B .
, Ae\Phi B , , Hardy-Littlewood max-
imal function { . Fiorenza [Fi] , $\mathrm{N}$-function $\Phi$
.
Theorem 5.8 (Fiorenza). $N$-function $\Phi$ . $\Phi$ right de-
rivative $\varphi(s)$ continuous, nondecreasing .
(5.13) $\varphi(s)>$ O if $s>0$ , $\varphi(0)=0$ , $\lim_{sarrow\infty}\varphi(s)=+\infty$ .
, $\tilde{\Phi}\in\Delta_{2}$ . , A\Phi B .
Fiorenza , $\Phi$ $\Delta_{2}$ , Hardy-Littlewood
maximal function . Theorem 5.8
( $\Phi$ $\Delta_{2}$ , $\tilde{\Phi}$ $\Delta_{2}$ ,$\sim$ Hardy-
Littlewood maximal function ) .
Theorem 5.9. $\Phi$ $N$-function . , .
(5.14) A\Phi eB
Proof. $w\in A_{\Phi}^{e}$ - , $A_{\Phi}^{e}$ weight Definition 5.4
$C_{1},$ $C_{2}$ ,
( $\frac{1}{|Q|}\int_{Q}\epsilon$w(x)dx) $\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)\leq C_{2}$
$\mathrm{F}\Phi \mathrm{f}\mathrm{f}\mathrm{i}rx\epsilon>0l\mathrm{h}’\not\in’\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \text{ ^{}\backslash }\backslash -\doteqdot\check{\mathrm{x}}_{-\text{ }}$ . $arrow \text{ }\text{ }$
$\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)\leq\frac{C_{2}|Q|}{\epsilon\cdot w(Q)}$
. , $\varphi^{-1}$ nondecreasing
(5.15) $\varphi^{-1}(\varphi(\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx))\leq\varphi^{-1}(\frac{C_{2}|Q|}{\epsilon\cdot w(Q)})$
, $\varphi$ $\Phi$ right derivative $\varphi^{-1}$ $\tilde{\Phi}$ right derivetive , $\varphi,$ $\varphi^{-1}$
right continuous . ,
$\varphi^{-1}(\varphi(a))\geq a$ for all $a\geq 0$ .
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. , (5.15) .
$\frac{C_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx\leq\varphi^{-1}(\frac{C}{\epsilon}$. $w(Q)2|Q|)$ for every cube $Q$ and $\epsilon>0$ .
.
(5.16) $\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx\leq\frac{|Q|}{C_{1}}\varphi^{-1}(\frac{C_{2}|Q|}{\epsilon\cdot w(Q)})$ for every cube $Q$ and $\epsilon>0.$
, $\mathrm{i}\mathrm{E}\sigma$) $\hat{i\mathrm{E}}\mathfrak{F}C$o
(5.17) $C_{0}> \max(C_{2},$ $\frac{\varphi^{-1}(1)}{C_{1}}$)
, $C_{0}$ cube $Q$ $\epsilon>0$ . , $\tilde{\Phi}(t)=\int_{0}^{t}\varphi^{-1}$ ( s) $ds\leq$
$t\varphi^{-1}$ (t) ,
$\int_{Q}\tilde{\Phi}$ ( $\frac{w(Q)}{C_{0}|Q|w(x)}$) $w(x)dx$
$\leq\int_{Q}\varphi^{-1}(\frac{w(Q)}{C_{0}|Q|w(x)})\cdot\frac{w(Q)}{C_{0}|Q|w(x)}\cdot w(x)dx$
$= \frac{w(Q)}{C_{0}|Q|}\int_{Q},-1$ $( \frac{w(Q)}{C_{0}|Q|w(x)})dx$
, .
$\int_{Q}\tilde{\Phi}(\frac{w(Q)}{C_{0}|Q|w(x)})w(x)dx\leq\frac{w(Q)}{C_{0}|Q|}\cdot\int_{Q}\varphi^{-1}(\frac{1}{\frac{}{c}w_{0}[perp] Q\lrcorner,|Q|}\cdot\frac{1}{w(x)})dx$
, (5.16) , $\epsilon=\frac{C_{0}}{w}(Q\cup Q)$ ,
$\int_{Q}\tilde{\Phi}(\frac{w(Q)}{C_{0}|Q|w(x)})w(x)dx$
$\leq\frac{w(Q)}{C_{0}|Q|}\cdot\frac{|Q|}{C_{1}}\cdot\varphi^{-1}(\frac{w(Q)}{C_{0}|Q|}\cdot\frac{C_{2}|Q|}{w(Q)})=\frac{w(Q)}{C_{0}C_{1}}\cdot\varphi^{-1}(\frac{C_{2}}{C_{0}})$
, (5.17) , $0<C_{2}/C_{0}<1$ $\varphi^{-1}(1)/C_{0}C_{1}<1$ .
$\int_{Q}\tilde{\Phi}(\frac{w(Q)}{C_{0}|Q|w(x)})w(x)dx\leq\frac{w(Q)}{C_{0}C_{1}}\varphi^{-1}(1)\leq w(Q)$ .
, Theorem 5.4 (5.10) w\in B .
, . , .
$w$ (x) B weight . Young function $\Phi(t)$
$w(x)\in A_{\Phi}^{e}$ ?
, Fiorenza [Fi] .




Definition 5.8. $\Phi$ Young function . $\Phi\in\Delta’$ ,
$C>0$ ,
(5.18) $\Phi(st)\leq C\Phi(s)\Phi(t)$ for all $s,$ $t\geq 0$
.
, $\Delta^{l}$ Young function $\Phi$ .
Lemma 5.10. $\Phi$ bung function . , $\Phi\in\Delta’$ $\Phi\in\Delta_{2}$
.
Proof. $\Phi\in\Delta’$ . , $C$ ,
$\Phi(st)\leq C\Phi(s)\Phi(t)$ for all $s,t\geq 0$ .
. , $s=2$ ,
$\Phi(2t)\leq C\Phi(2)\Phi(t)$ for a $t\geq 0$
, $\Phi\in\Delta_{2}$ .
Remark. $\Phi\in\Delta’$ , $\Phi(t)$ $t=0$ .
Lemma 5.11. $\Phi\in\Delta’$ .
(5.19) $\Phi(t)\leq t\varphi(t)\leq C_{1}\Phi(t)$ for all $t\geq 0$ ,
. , $C_{1}=C\Phi$ (2) , $C>0$ (5.18)
.
Proof. $\Phi(t)$ $\Delta^{l}$ .
$\Phi$ (t) $=$ $\int_{0}$
’
$\varphi$ (s)ds $\leq t\varphi(t)\leq\int_{t}^{2i}\varphi$ (s) $ds$
$\leq$ $\int_{0}^{2t}\varphi$ (s)ds $=\Phi(20\leq C\Phi(2)\Phi(t)$
Lemma .
Lemma 5.12. $\Phi$ Young function , right $der\dot{\mathrm{u}}vative$ $\varphi$ . ,
$\Phi\in\Delta’$ $\varphi\in\Delta’$ .
(5.20) $\varphi(st)\leq C_{2}\varphi(s)\varphi(t)$ for all $s,t\geq 0$ ,
, $C_{2}=CC_{1}=C^{2}$ \Phi (2), $C$ (5.18) .
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Proof. $C_{1}=C\Phi$ (2) , Lemma 5. (5.19) ,
$\Phi$ (so $\leq$ $\frac{C_{1}\Phi(st)}{st}\leq\frac{C_{1}C\Phi(s)\Phi(t)}{st}$
$=$ $CC_{1} \cdot\frac{\Phi(s)}{s}\cdot\frac{\Phi(t)}{t}\leq CC_{1}\cdot\frac{s\varphi(s)}{s}\cdot\frac{t\varphi(t)}{t}$
$=$ $CC_{1}\varphi(s)\varphi(t)=C^{2}\Phi(2)\varphi(s)\varphi(t)1$
, $\varphi(t)$ $\Delta’$ . $\square$
Remark. $\varphi\in\Delta’$ $\varphi$ $t=0$ .
Lemma . Bagby
[Ba] .
Lemma 5.13 (Bagby). $\Phi$ Young function . ,
$[0, \infty)$ continuous nondecreasing function $g(t)\geq 0$
.
(5.21) $\tilde{\Phi}$ (g(t)) $\leq tg(t)\leq\tilde{\Phi}$ (2g(t)) for all $t\geq 0$ ,
(5.22) $2 \Phi(\frac{t}{2})\leq tg(t)\leq\Phi$ (20 for all $t\geq 0$ .
Lemma , .
Lemma 5.14. $\Phi$ Young function , $\Phi$ right derivative $\varphi_{\mathrm{Z}}$
Lemma 5.13 $g$ (t) .
(5.23) $\frac{1}{2}\varphi(\frac{t}{4})\leq g(t)\leq 2\varphi(2t)$ for all $t\geq 0$
.
Proof. , (5.23) - (5.22) 2
.
$tg(t)\leq\Phi$ ( $20= \int_{0}^{2t}\varphi$ (s)ds $\leq(2t)\varphi(2t)$ .
, $t>0$ $g(t)\leq 2\varphi(2t)$ . , $g$ (t) $t=0$ , $\varphi(t)$ $t=0$
$tarrow 0$ $g(0)\leq 2\varphi(0)$ . $g(t)$ $\leq 2\varphi(2t)$
$t\geq 0$ .
, (5.23) . (5.22) .
$tg(t) \geq 2\Phi(\frac{t}{2})=2\int_{0}^{t/2}\varphi(s)ds\geq 2\int_{t/4}^{t/2}\varphi(s)ds\geq 2\Gamma\frac{t}{4}\cdot\varphi(\frac{t}{4})$
78
, $t>0$ , $g(t)\geq(1/2)\varphi(t/4)$ . , $g(t)$
$\varphi(t)$ , $tarrow 0$ , $g(0)\geq(1/2)\varphi(0)$ , $t=0$
. (5.23) . $\square$
Lemma 5.15. $\Phi$ YOun9 function , complementary Ybung func-
tion $\overline{\Phi}$ right derivative $\varphi^{-1}$ . , Lemma 5.13 $g$ (t) right
derivative $g^{-1}(t)$ .
(5.24) $\varphi^{-1}(s)\leq 2g^{-1}(2s)$ for all $s\geq 0$
.
Proof. Lemma 5.13 (5.21) 1 ,
$tg(t)$ $\geq$
$\tilde{\Phi}$ (g(t)) $= \int_{0}^{g}(t)\varphi^{-1}$0)ds
$\geq$ $\int_{g(t)/2}^{g(t)}\varphi^{-1}(s)ds\geq\frac{g(t)}{2}$ . $\varphi^{-1}(\frac{g(t)}{2})$
, .
(5.25) $tg(t) \geq\frac{g(t)}{2}\cdot\varphi^{-1}(\frac{g(t)}{2})$ f$\mathrm{o}$r all $t\geq 0$ .
, $g(t)/2=s$ . $g(t)$ , $\lim_{tarrow 0+}g(t)/2$
, $s_{0}$ , $s_{0}= \lim_{tarrow 0+}g(t)/2$ .
(i) $s_{0}=0$ , $g(t)/2=s>0$ , (5.25) $\varphi^{-1}(s)\leq 2t$ . ,
$g^{-1}(2s)=g^{-1}(g(t))\geq t$ . , $\varphi^{-1}(s)\leq 2g^{-1}$ (2s) .
, (5.22) 1 $\Phi$ Young function (2.4)
$g(t) \geq\frac{\Phi(\frac{t}{2})}{\frac{t}{2}}arrow+\sim$
, $s$ . , $\varphi^{-1}$ $g^{-1}$
$\varphi^{-1}(0)=\lim_{sarrow 0+}\varphi^{-1}(s)\leq\lim_{sarrow 0+}2g^{-1}(2s)=2g^{-1}(0)$ .
, $\varphi^{-1}(s)\leq 2g^{-1}$(2s) $s\geq 0$ .
(ii) $s_{0}>0$ . $g(t)/2=s>s_{0}$ (5.25) $\varphi^{-1}(s)\leq 2t$ . , $g^{-1}(2s)=$
$g^{-1}(g(t))\geq t$ . $\varphi^{-1}(s)\leq 2g^{-1}$ (2s) . , $g(t)arrow\infty$
, $s>s_{0}$ $s$ { $\varphi^{-1}(s)\leq 2g^{-1}$ (2s) .
, $0\leq s\leq s_{0}$ , (5.25) $tarrow 0+$ , $g(t)$ , $\varphi^{-1}$
,
$0 \geq\frac{g(0)}{2}\cdot\varphi^{-1}(\frac{g(0)}{2})=\frac{g(0)}{2}\cdot\varphi^{-1}(s_{0})\geq 0$
$g(0)=2s_{0}>0$ $\varphi^{-1}(s_{0})=0$ . , l $eqs$ $\leq s_{0}$ $\varphi^{-1}(s)=0$ .
$\varphi^{-1}(s)\leq 2g^{-1}$ (2s) . $s>0$ (5.24)
.
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Lemma 5.16. $\Phi$ Young function , $\Phi$ complementary Young
function $\tilde{\Phi}$ . , $\overline{\Phi}\in\Delta’$ . , $C>0$ ,
$\tilde{\Phi}(st)\leq C\tilde{\Phi}(s)\tilde{\Phi}(t)$ for all $s,$ $t\geq 0$ .
,
(5.26) $\frac{1}{w(Q)}\int_{Q}\tilde{\Phi}]u(x)|)w(x)dx\leq C\tilde{\Phi}(||u||_{\tilde{\Phi},w,Q})$ for all $u$
.
Remark. Lemma $\Phi$ $\Delta_{2}$ . ,
$\varphi(t)=0$ in a n.b.d of zero .
Proof. $||u||_{\tilde{\Phi},w,Q}=0$ , $Q$ $u=0$ , $\tilde{\Phi}(0)=0$ (5.26)
, , $0<||u||_{\tilde{\Phi},w,Q}$ $\infty$ - $\overline{\Phi}\in\Delta’$ ,
$\frac{1}{w(Q)}7\tilde{\Phi}$ ( $|$u(x) $|$ ) $w(x)dx$
$= \frac{1}{w(Q)}\int_{Q}\overline{\Phi}(||u||_{\tilde{\Phi},w,Q}\cdot\frac{|u(x)|}{||u||_{\tilde{\Phi},w}\rho})w(x)dx$
$\leq\frac{1}{w(Q)}\int_{Q}C\cdot\tilde{\Phi}$( $||$u $||_{\overline{\Phi}}$ ,w,Q) $\overline{\Phi}(\frac{|u(x)|}{||u||_{\tilde{\Phi},w,Q}})w(x)dx$
$=C\cdot\tilde{\Phi}$ ( $||$ u $||_{\tilde{\Phi}}$ ,w,Q) $\int_{Q}\tilde{\Phi}(\frac{|u(x)|}{||u||_{\tilde{\Phi},w,Q}})\frac{w(\dot{x})}{w(Q)}dx$
$=C\cdot\overline{\Phi}$ ( $||$ u $||_{\tilde{\Phi}}$ ,w,Q). $1=C\cdot\tilde{\Phi}$ ( $||$ u $||_{\tilde{\Phi}}$ ,w,Q)
, (5.26) .
Lemma 5.17. $\Phi$ Youngfunction , $\Phi$ complementary Young
function $\tilde{\Phi}$ . , $\tilde{\Phi}\in\Delta’$ . , w\in B ,
$\epsilon_{1}>0$ ,
(5.27) $\frac{\epsilon_{1}}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx\leq\varphi^{-1}(||\frac{1}{w}||_{\tilde{\Phi},w,Q})$ for every cube $Q\subseteq R^{n}$
, $\epsilon_{1}$ $\epsilon_{1}=1/(CC_{1}H)$ . $C>0$ (5.18) ,
$C_{1}=C\tilde{\Phi}(2),$ $H$ (5.24) .
Proof. ( ) , Lemma ,
$\Phi$ $\Delta_{2}$ . , $\varphi(t)$ $t=0$ zero
. , $\varphi(t)$ $[0, \infty)$ .
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, $C$ (5.18) . , $C_{1}=C\Phi$\tilde (2)
.
(5.28) $\varphi^{-1}(s)\leq\frac{C_{1}\tilde{\Phi}(s)}{s}$ for all $s>0$ .
$\tilde{\Phi}\in\Delta’$ $\tilde{\Phi}\in\Delta_{2}$ . , $\tilde{\Phi}$ $t=0$





, Lemma 5.15 .
$\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx$ $\leq$ $\frac{C_{1}}{|Q|}\int_{Q}\tilde{\Phi}(\frac{1}{w(x)})w(x)dx$
$=$ $C_{1} \cdot\frac{w(Q)}{|Q|}\cdot\frac{1}{w(Q)}\int_{Q}\tilde{\Phi}(\frac{1}{w(x)})w(x)dx$
$\leq$ $C_{1} \cdot\frac{w(Q)}{|Q|}\cdot C\cdot\tilde{\Phi}(||\frac{1}{w}||_{\tilde{\Phi},w,Q})$
$\leq$ $CC_{1} \cdot\frac{w(Q)}{|Q|}\mathrm{t}||\frac{1}{w}||_{\overline{\Phi},w,Q}|\varphi^{-1}(||\frac{1}{w}||_{\tilde{\Phi},w,Q})$
, $w\in B_{\Phi}$ Theorem 5.4 (5.9) ,
$H>0$ ,
$\frac{w(Q)}{|Q|}1||\frac{1}{w}||_{\tilde{\Phi},w,Q}\leq H$ for all cubes $Q\subseteq R^{n}$
, .
$\frac{1}{|Q|}\int_{Q}\varphi^{-1}.(\frac{1}{w(x)})dx\leq CC_{1}H\varphi-1(||\frac{1}{w}||_{\tilde{\Phi},w,Q})$
$CC_{1}H$ , $\epsilon_{1}=1/CC$1H , (5.27)
.
Theorem 5.18. $\Phi(t)$ Young function . $\tilde{\Phi}\in\Delta’$ .
, $B_{\Phi}\subseteq A_{\Phi}^{e}$ .
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Proof. ( ) , $\Phi\in\Delta_{2}$ . , $\varphi(t)>0(t>0)$
. $\varphi(t)$ $[0, \infty)$ .
, w\in B . Lemma 5.17 , cube $Q\subseteq R^{n}$
.
$\frac{1}{CC_{1}H}$ . $\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx\leq\varphi^{-1}(||\frac{1}{w}||_{\tilde{\Phi},w,Q})$
$s\geq 0$ . Lemma 5.13 $g(t)$ . , (5.23)
(5.24) ,
(5.29) $\varphi(\frac{1}{4}$ ‘ $\frac{1}{2}\varphi^{-1}(s))\leq\varphi(\frac{1}{4}\cdot g^{-1}(2s))\leq 2\cdot g(g^{-1}(2s))$ .
, $\tilde{\Phi}\in\Delta’$ , Lemma 5.12 , $\varphi^{-1}\in\Delta^{-1}$ . , Lemma
5.10 $\varphi^{-1}\in\Delta_{2}$ . $\varphi^{-1}$ (t) $t=0$ .
, $tarrow 0$ $\varphi(t)arrow 0$ . Lemma 5.14 $\lim_{tarrow+0}g(t)=0$
. , $g(t)$ $[0, \infty)$ ,
(5.30) $g$ ( $g^{-1}$ (2s)) $=2s$ for every $s\geq 0$
, (5.29) (5.30) ,
(5.31) $\varphi(\frac{1}{8}\varphi^{-1}(s))\leq 4s$ for every $s\geq 0$
, (5.31)
(5.32) $\varphi(\frac{1}{8}\cdot\frac{1}{CC_{1}H}\cdot\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx)$ $\leq$ $\varphi(\frac{1}{8}\dot{\varphi}^{-1}(||\frac{1}{w}||_{\tilde{\Phi},w,Q}))$
$\leq$ $4|| \frac{1}{w}||_{\tilde{\Phi}}$
,w,Q
, (5.32) , w\in B , $H$ ,
$( \frac{1}{|Q|}\int_{Q}w(x)dx)\varphi(\frac{1}{8}\cdot\frac{1}{CC_{1}H}$ . $\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx)$
$\leq$ $\frac{w(Q)}{|Q|}\cdot 4\cdot||\frac{1}{w}||_{\overline{\Phi},w,Q}\leq 4H$
, cube $Q\subseteq R^{n}$
$( \frac{1}{|Q|}\int_{Q}w(x)dx)\varphi(\frac{1}{8}\cdot\frac{1}{CC_{1}H}\cdot\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{w(x)})dx)\leq 4H$
, (5.9) $\epsilon=1$ .
, $\epsilon>0$ . $w$ (x) $\epsilon w$ (x)
. $Q$ cube . Lemma 5.17 (5.28)
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.
$\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx$ $\leq$ $\frac{C_{1}}{|Q|}\int_{Q}\tilde{\Phi}(\frac{1}{\epsilon w(x)}$ ) $\epsilon w(x)dx$
$=$ $C_{1} \cdot\frac{\epsilon w(Q)}{|Q|}$ . $\frac{1}{\epsilon w(Q)}\int_{Q}\tilde{\Phi}(\frac{1}{\epsilon w(x)})\epsilon w(x)dx$
$\leq$ $C_{1} \cdot\frac{\epsilon w(Q)}{|Q|}\cdot C\cdot\tilde{\Phi}(||\frac{1}{\epsilon w}||_{\tilde{\Phi},\epsilon w,Q})$
$=$ $CC_{1} \cdot\frac{\epsilon w(Q)}{|Q|}\cdot\tilde{\Phi}(||\frac{1}{\epsilon w}||_{\tilde{\Phi},\epsilon w,Q})$
, , $||$ $||_{\tilde{\Phi}}$ ,w,Q $r$,
$||$f $||$ i,$\epsilon w$ ,Q $= \inf${ $\lambda>0$ : $\frac{1}{\epsilon w(Q)}\int_{Q}\tilde{\Phi}(\frac{|f(x)|}{\lambda})\epsilon$w(x)dx $\leq 1$ }
$= \inf\{\lambda>0 : \frac{1}{w(Q)}\int_{Q}\tilde{\Phi} (\frac{|f(x)|}{\lambda}) w(x)dx\leq 1\}$
$=$ $||$ f $||_{\tilde{\Phi}}$ ,w,Q
, .
$\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx$ $\leq$ $CC_{1} \cdot\frac{\epsilon w(Q)}{|Q|}\cdot\tilde{\Phi}(||\frac{1}{\epsilon w}||_{\tilde{\Phi},ew,Q})$
$=$ $CC_{1} \cdot\frac{\epsilon w(Q)}{|Q|}\cdot\tilde{\Phi}(||\frac{1}{\epsilon w}||_{\overline{\Phi},w,Q})$
$\leq$ $CC_{1} \cdot\frac{\acute{\circ}w(Q)}{|Q|}$ . $|| \frac{1}{\epsilon w}||_{\tilde{\Phi},w,Q}$ . $\varphi^{-1}(||\frac{1}{\epsilon w}||_{\tilde{\Phi},w,Q})$
$=$ $CC_{1} \cdot\frac{w(Q)}{|Q|}\circ||\frac{1}{w}||_{\overline{\Phi},w,Q}\cdot\varphi^{-1}(||\frac{1}{\epsilon w}||_{\tilde{\Phi}}$
,w,Q
$)$
, , w\in B , Theorem 5.8 , (5.9) ,
$H>0$
$\frac{w(Q)}{|Q|}1||\frac{1}{w}||_{\overline{\Phi},w,Q}\leq H$ for all cubes $Q\subseteq R^{n}$
, $H$ $\tilde{\Phi},$ $w$ , $Q$ $\epsilon>0$ . ,
.
$\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx\leq CC_{1}H\varphi-1(||\frac{1}{\epsilon w}||_{\overline{\Phi},w,Q})$ for all cubes $Q\subseteq R^{n}$
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, .
$\frac{1}{CC_{1}H}\cdot\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx\leq\varphi^{-1}(||\frac{1}{\epsilon w}||_{\overline{\Phi},w,Q})$ for all cubes $Q\subseteq R^{n}$
, $s\geq 0$ . Lemma 5.13 $g(t)$ . , (5.23)
(5.24)
(5.33) $\varphi(\frac{1}{4}$ ’ $\frac{1}{2}\varphi^{-1}(s))\leq\varphi(\frac{1}{4}\cdot g^{-1}(2s))\leq 2\cdot g(g^{-1}(2s))$
. , $\tilde{\Phi}\in\Delta^{t}$ , Lemma 5.12 $\varphi^{-1}\in\Delta^{-1}$ . ,
Lemma 5.10 $\tilde{\Phi}\in\Delta_{2}$ , $\varphi^{-1}$ (t) $t=0$ [
, $\lim_{tarrow 0+}\varphi(t)=0$ , Lemma 5.14 ,
$\lim_{tarrow 0+}g(t)=0$ . , $g(t)$ $\grave{\grave{>}}$ $[0, \infty)$ 1 ,
(5.34) $g(g^{-1}(2s))=2s$ for every $s\geq 0$
, (5.33) (5.34)
(5.35) $\varphi(\frac{1}{8}\varphi^{-1}(s))$ for every $s\geq 0$
. , (5.35)






, w\in B ,
$( \frac{1}{|Q|}\int_{Q}\epsilon w(x)dx)\varphi(\frac{1}{8}\cdot\frac{1}{CC_{1}H}\cdot\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)$
$\leq$ $\frac{1}{|Q|}\cdot\epsilon$w(Q)( $\frac{4}{\epsilon}|||\frac{1}{w}||_{\overline{\Phi}}$
,w,Q
$=$ $\frac{4\cdot w(Q)}{|Q|}||\frac{1}{w}||_{\overline{\Phi},w,Q}$ $\leq 4H$
,
( $\frac{1}{|Q|}\int_{Q}\epsilon$w(x)dx) $\varphi(\frac{1}{8CC_{1}H}\cdot\frac{1}{|Q|}\int_{Q}\varphi^{-1}(\frac{1}{\epsilon w(x)})dx)\leq 4H$




Definition 5.9. $w$ (x) $R^{n}$ $A_{1}$ -weight $(w\in A_{1})$ ,
$C$ ,
$\frac{1}{|Q|}\int_{Q}w(y)dy\leq C\mathrm{e}\mathrm{s}\mathrm{s}\inf_{x\in Q}w(x)$ for all cubes $Q\subseteq R^{n}$
.
, $a$ (s), $b$ ( s) $[0, \infty)$ positive continuous function
.
(5.37) $a(s)>0$ , $b(s)>0$ if $s>0$ and $a(0)=b(0)=0$ ;
(5.38) $\int_{0}^{1}\frac{a(s)}{s}ds<+\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT},$ $\int_{1}$ $s)ds=+\ovalbox{\tt\small REJECT} 0;$
(5.39) $b(s)$ nondecreasing $\vee C^{\backslash }\backslash$ $\lim_{sarrow\infty}b(s)=+\infty$
$\Phi(t)$ $\Psi(t)$ .
(5.40) $\Phi(t):=\int_{0}^{t}a$(s)ds, $\Psi(t):=\int_{0}^{t}b$ (8)dS for $t\geq 0$ .
.
(5.41) $\int_{0}^{t}\frac{a(s)}{s}ds\leq C_{1}b(C_{2}t)$ for all $t>0$ ,
(5.42) $\int_{R^{n}}\Phi(Mf(x))w(x)dx\leq C_{3}\int_{R^{n}}\Psi$ (C$4|$f$(x)\mapsto w(x)dx$ for all $f\in L_{w}^{\Psi}(R^{n})$
.
Theorem 5.19. (5.37) (5.42) $a(s),$ $b(s),$ $\Phi(t)_{J}$
$\Psi(t)$ , (5.41) (5.42) , $w\in A_{1}$
.
, $B_{\Phi}$ weight , [Ki]
.
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